We show that a thin film of Weyl or Dirac semimetal with a strong in-plane magnetic field becomes a novel two-dimensional Fermi liquid with interesting properties. The Fermi surface in this system is strongly anisotropic, which originates from a combination of chiral bulk channels and the Fermi arcs. The area enclosed by the Fermi surface depends strongly on the in-plane magnetic field component parallel to the Weyl/Dirac node splitting, which leads to unusual behavior in quantum oscillations when the magnetic field is tilted out of the plane. We estimate the oscillation frequencies and the regimes where such effects could be seen in Cd3As2, Na3Bi, and TaAs.
Weyl
1-3 and Dirac 4 semimetals (WSMs and DSMs respectively) are new three dimensional phases which have recently generated a great deal of interest as the first examples of topological phases of gapless systems. A WSM has topologically robust linear band touchings at discrete points, called Weyl nodes, in the bulk Brillouin zone and surface "Fermi arcs" which connect the projections of the Weyl nodes to the surface Brillouin zone. WSMs are predicted to have many novel transport properties related to the chiral anomaly [5] [6] [7] [8] . DSMs are WSMs where several Weyl nodes overlap in momentum space and are protected by symmetries.
Since the prediction and discovery of the DSMs Na 3 Bi 9-11 and Cd 3 As 2 12-15 along with the TaAs class of WSMs [16] [17] [18] [19] [20] , a wide range of experiments, particularly in transport, have found unusual behavior in these materials. Negative longitudinal magnetoresistance, suggestive of the chiral anomaly, appears even far from the quantum limit, and linear transverse magnetoresistance is widespread among these materials [21] [22] [23] [24] [25] [26] . Recently, experiments have begun to directly probe the quantum and thin film limits [26] [27] [28] . In this paper, we show that the unique properties of WSMs and DSMs have new consequences in the thin film limit. With an in-plane magnetic field along suitable directions, we show that a thin film of WSM or DSM becomes a two-dimensional Fermi liquid with a highly anisotropic and magnetic-field tunable Fermi surface. Our setup is shown schematically in Fig. 1(a) . This two-dimensional Fermi surface emerges from a combination of the surface Fermi arcs and the chiral channels in a bulk WSM or DSM with a magnetic field. Our main result is that the shape of this Fermi surface is tuned not only by the shape of the Fermi arcs but also the in-plane mangetic field. This tunability, which is not present for a solely out-of-plane field, can be probed directly by quantum oscillations in a magnetic field with an out-of-plane component. The most drastic contrast to ordinary twodimensional metals occurs when the Fermi arcs have no curvature. In this case, the density of states (DOS) oscillates as a function of field angle at fixed field strength, but not as a function of field strength at fixed angle. As concrete predictions for future experiments, we estimate the parameters of these novel quantum oscillations in Cd 3 As 2 , Na 3 Bi, and TaAs. The unusual origin of the Fermi surface in this system may have other consequences due to the strong anisotropy of electron wavefunctions on the Fermi surface. We will discuss these possibilities at the end of the paper. Recently, quantum oscillations coming from the area enclosed by the Fermi arcs were predicted in thin films of WSM with perpendicular magnetic field 29, 30 ; evidence for this prediction was recently observed experimentally 31 . Our results cross over to but are in a different regime from those of Ref. 29 and its interacting weak-field generalization 32 due to the strong inplane field. Accordingly, the features of the quantum oscillations in these two different setups are also qualitatively different. For quantum oscillations as a function of the out-of-plane field component, Refs. 29, 30, and 32 predict no dependence on the in-plane component in the non-interacting case while in our results, that component tunes the oscillation frequency.
Emergent Fermi surface: For simplicity, we consider a minimal model of a WSM with two Weyl nodes at the wavevectors k = ±k Wẑ in the slab geometry shown in Fig. 1(a) . Before studying the thin-film limit, we first consider the properties of a thick film. At zero field and finite but small chemical potential, the Fermi surface of a thick film is as shown in Fig. 1(b) ; it consists of two small, spherical bulk Fermi surfaces connected by Fermi arcs on opposite real space surfaces. Adding a magnetic field B in theẑ direction, we can choose a Landau gauge A = −eByx for the vector potential such that full in-plane translation symmetry is preserved after Peierls substitution. The magnetic field causes the formation of Landau levels, which quenches the momentum k x and locks the eigenfunctions' average y position to
/eB is the magnetic length. However, the Landau levels still disperse in k z . In particular, near a Weyl point, where we will take for simplicity the effective Hamiltonian to be H = v 1 (k x σ x + k y σ y ) + v 2 k z σ z (here σ i are the Pauli matrices and k is measured from the Weyl point), it is easy to show that there is a single zeroth Landau level (ZLL) with dispersion
Since the Weyl points come in pairs of opposite chirality, the sign of v 2 must be different at the two Weyl points, leading to a dispersion like that in Fig. 1(c) . If the chemical potential is small enough that it only crosses the ZLL, then such a dispersion leads to a quasi-1D Fermi surface shown in Fig. 1(d) of width roughly equal to 2k W . Note that the Fermi arcs still exist, but we will see that they play an unimportant role in the thick limit.
Our key observation, however, is in the thin film limit. To investigate this limit, we diagonalized a minimal 2-band lattice model
and included the magnetic field via Peierls substitution.
(We have set the lattice constant a = 1.) The bulk model has Weyl nodes at k x = k y = 0, k z = ± cos −1 (−M/2C), and these are the only Weyl nodes if |M | + |2C| < 4|A| (which we will always assume).
In this case, at zero field, the Fermi surface is similar to the thick case in Fig. 1(b) . However, the picture in the quantum limit of a z-direction magnetic field is quite different from Fig. 1(d) . As k x increases, position/momentum locking causes the average y position to increase as well. Therefore, when k x ≈ 0 or L y /l 2 B with L y the sample thickness, the eigenstates reach a surface and thus must disperse along k x . But we already know that there are other gapless modes at the surface, namely the Fermi arcs. Since the Fermi arcs can be thought of as quantum anomalous Hall edge states (at fixed k z ), we expect that the bulk Fermi surface merges with the Fermi arcs, leading to a closed, two-dimensional Fermi surface shown in Fig. 2(a) . The existence of this closed 2D Fermi surface in the quantum limit of a WSM is our primary result.
In fact the same effect can occur in standard metals; rather than Fermi arcs, the surface modes can come from band bending effects, for example. However, because our picture only makes sense in the quantum limit, the carrier density must be very low, so the width of this Fermi surface in a metal will be very small. By contrast, in a WSM the B = 0 carrier density can even be zero while still maintaining a finite width 2k W of the 2D Fermi surface. For example, in a quadratic band with isotropic effective mass, if we want the quantum limit to occur at an energy where the 2D Fermi surface has k F = 0.1Å
(which is the order of magnitude of the Weyl point splittings in TaAs 18, 19 ), then an unphysically large field of 360 T is required. To match the ∼ 0.03Å −1 Weyl point splitting in Cd 3 As 2 23 a more reasonable but still large field of about 30 T would be required.
We must point out that due to the quenching of k x , there is perfect nesting at, for example, q = 2k Wẑ . As such, one might expect a charge density wave (CDW) instability of the 2D Fermi surface, as has been predicted theoretically 33 . To our knowledge this effect has not been seen in any system in the quantum limit. A possible reason is that, due to the estimations of the previous paragraph, the dominant instability (assuming q x = 0) would be at a very small wavevector in a metal, unlike in a WSM. The CDW instability in WSM thin films is by itself an interesting topic, but for the rest of this paper we will make the assumption that there is no CDW and that the Fermi surface is robust.
The existence of this Fermi surface implies that if we add a magnetic field in the y direction B y B z , then there will be quantum oscillations as a function of B y . However, an unusual feature of this Fermi surface is that its length in k x is controlled by L y /l 2 B ∝ L y B z , as demonstrated by the different curves in Fig. 2(a) . Therefore, since the area of this Fermi surface is tuned by the inplane magnetic field, the frequency of quantum oscillations in B y will also depend on B z . We will shortly discuss this point in some depth.
However, before looking at quantum oscillations (i.e. an out-of-plane field), we should understand how this Fermi surface evolves when the field is not perfectly aligned with the Weyl point separation. First consider an in-plane rotation φ of the magnetic field. Then dispersion occurs along the direction of the field, so the vertical portions of the Fermi surface in Fig. 2(a) should simply skew to be perpendicular to the field. Their lengths L y /l 2 B should also be preserved, as y position is locked to the component of momentum perpendicular to the field. The net result is a reduction in Fermi surface area by | cos φ|, which we see in the numerics in Fig. 2(b) .
We also need to understand what happens if the Weyl point separation has a significant component in the y direction. For this we added a term −2tα sin k z σ y +(−2A+ A 4 + α 2 (M 2 − 4))σ z to the Hamiltonian, where α ∈ [0, 4/(4 − M
2 )]. The first term shifts the Weyl points to a nonzero k y , and the second term is used to keep the k z separation of the Weyl points fixed. Numerically, we find that the result is to amplify finite size effects in the k z width of the Fermi surface. This effect is small, however; for α = 0.9 when M = −t, the width only changes by about 10% between the bulk limit and L y = 50. We will thus neglect these effects from now on.
Quantum oscillations: To predict observable properties of the field-tuned Fermi surface, we study quantum oscillations by applying in addition a perpendicular magnetic field. Suppose we add a small B y B z . Then the Bohr-Sommerfeld quantization rule says that Landau levels are at energies where
where λ is a dispersion-dependent constant, n is an integer, and A F S is the Fermi surface area. The Fermi surface area can be estimated as the sum of two parts.
One is a constant δA that the Fermi arcs enclose due to their curvature when B = 0 and the chemical potential is at the Weyl points; this contributes as expected in previous work 29, 30 . The new piece of the Fermi surface, discussed in the previous section, is rectangular, with length 
Eq. (4) is our main experimental prediction, valid for any Fermi arc configuration. It tells us that the frequency of quantum oscillations in B y is tuned by B z . As particularly interesting special case, take the zero-curvature limit δA → 0. Letting the field angle in the yz-plane be θ and the field angle in the xz-plane be φ, as shown in Fig. 1(a) , Eq. (4) becomes
Such quantum oscillations are qualitatively different from those in ordinary 2D or 3D systems because the oscillations occur as a function of field direction θ, not total field strength, if φ is kept constant. Eq. (5) requires θ be small to maintain B y B z . It should be noted that the frequency of oscillation in cot θ only depends on the intrinsic parameter k W L y of the WSM thin film. As θ increases, if we consider a finite zero-field carrier density 34 , we expect a crossover to the behavior in Ref. 29 , where the oscillation frequency in 1/B y is independent of the applied magnetic field. These analytic results are explicitly verified by numerically computing the DOS in a generic magnetic field using an iterative Green's function method, the result of which is shown in Fig. 3 .
One important, natural question is whether we can make an arbitrarily large Fermi surface by moving to
B /a, hybridization between them should be exponentially suppressed; indeed, we numerically find near-degeneracy. Naively, then, we could just increase the size of the Fermi surface without bound. However, we will show that increased sample thickness suppresses the amplitude of quantum oscillations in the presence of scattering or finite temperature.
First, recall that if the time it takes to traverse the Fermi surface is longer than the scattering time τ , then the electron cannot make a full orbit around the Fermi surface. This amounts to the condition
which is one limit on L y . To understand how finite temperature limits L y , we need to know what sets the Landau level gap for our 2D Fermi surface. We estimate this gap semiclassically. For the roughly rectangular Fermi surfaces in Fig. 2(a) , the change in the area of the Fermi surface upon an increase of the chemical potential by δε can be estimated from Fig. 4 to be
where v x is the Fermi arc Fermi velocity and v z is the bulk Fermi velocity in the z direction. The quantization condition Eq. (3) says that when δε is the Landau level spacing, δA F S obeys
Substituting into Eq. (7) and solving, we find
which is the temperature scale over which we can resolve the Landau level splitting. Note that we neglected Fermi surface curvature, which is a legitimate approximation as long as the film is not extremely thin. Estimations for real materials: We now estimate the Fermi surface sizes for Cd 3 As 2 , Na 3 Bi, and TaAs. For additional experimentally relevant estimations, such as where the thick limit occurs and detailed dependences of the frequencies on field angle, see the Appendix B.
Cd 3 As 2 is a Dirac semimetal whose nodes are split along the [001] plane, so each node contains both chiralities of Weyl points. As a result, the Dirac points are connected by two Fermi arcs per surface, and our picture yields two Fermi surfaces, a hole-like one and an electronlike one, whose difference in size is set by the chemical potential µ. Taking them to be approximately rectangular as before and using parameters from Ref. 23 (most importantly 2k W = 0.03Å −1 ) we estimate
recent experiments
28 were able to gate-tune a Cd 3 As 2 thin film. They saw quantum oscillations at fixed field angle at some gate voltages. However, near what they identified as the Dirac point, they saw no contribution of the sort that we propose in Eq. (5). This may be because their magnetic length was only 5 times smaller than the sample thickness, leading to considerable deformation of the emergent Fermi surface and the Landau level states. It may also be the case that there are other resistance anisotropies that swamp our proposed contribution or that magnetic breakdown and related subtleties of DSMs could be changing the nature of the cyclotron orbits. We discuss some of these issues in the Appendix A.
A nearly identical calculation for Na 3 Bi, which has
For TaAs, there are twelve pairs of Weyl nodes with varying lengths and curvatures. In particular, some of the Fermi arcs in TaAs have large curvatures and enclose fairly large areas, which will lead to frequency offsets which are independent of in-plane field 29, 30 . With this in mind, using approximate parameters 18, 19 (in particular 2k W = 0.1 − 0.5Å −1 for various arcs) we find that the field-dependent parts of the Fermi surface areas are of order
plus appropriate field-independent offsets. Here B || is the in-plane component of the field. As an important application of our results, our proposal is also able to differentiate between different Fermi arc connection schemes 18, 19 through the dependence of the oscillation frequencies on in-plane field angle. See Appendix B for estimations of the offsets for different arcs and details of the angular dependence. Discussion: We have argued both qualitatively and numerically that a closed quasi-2D Fermi surface appears in the thin film quantum limit of Weyl and Dirac semimetals. This Fermi surface leads to unusual quantum oscillations where, in some cases, oscillations only occur as a function of field angle, not of field strength at a fixed angle.
There is another unusual feature of this emergent Fermi surface, which is that the electron wavefunctions with different k x near the Fermi surface are spatially separated in the y dimension. A consequence is that the effective interactions of low energy electrons are highly anisotropic, as they should be exponentially suppressed in the k x separation of the states involved, but no suppression occurs in k z separation. Such anisotropic interactions may have interesting consequences in transport properties, such as a strong anisotropy in the ∝ T 2 term of the low temperature conductivity. We leave investigations of the consequences of this fact to future work.
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In this section, we detail some subtleties that occur when applying our proposal to Dirac semimetals.
In a Weyl semimetal, the zeroth Landau level at each Weyl point is chiral and thus cannot be gapped out in the bulk. In a Dirac semimetal, on the other hand, there are two zeroth Landau levels with opposite chiralities; they may be gapped out in the same way as the zero-field Dirac cones, that is, via symmetry breaking perturbations or finite size effects. We consider the fate of the quantum oscillations discussed in the main text when such a gap appears.
Let the gap be V . The bulk Landau level structure is shown schematically in Fig. 5(a) . Consider the case where the chemical potential µ is far from the gap, represented by µ = E 1 in Fig. 5(a) . Then the gap does not affect the states at the chemical potential; looking only at energies close to the chemical potential, we still have two linearly dispersing modes near each Dirac point. Likewise there is no reason for the surface states at the chemical is unaffected by the presence of the far-away gap. In (c), the black portions can be close enough so that there is magnetic breakdown during quantum oscillations.
potential to be affected. Hence the gap does not affect the emergent 2D Fermi surfaces, and the Fermi surface looks like Fig. 5(b) . The same picture would hold even if V = 0.
If we now allow µ to approach the gap, say at µ = E 2 , the two Fermi surfaces approach each other and approach degeneracy in the bulk, as in Fig. 5(c) . Once the separation of the bulk portions of the Fermi surface reaches l −1 B , magnetic breakdown occurs, allowing electrons to scatter from one Fermi arc to the other one on the same surfce. This suppresses the amplitude of quantum oscillations corresponding to the full Fermi surface. This scattering gets stronger as µ decreases further, destroying the bulk portion of the oscillations entirely by the time µ reaches the gap. If we then move µ into the gap (µ = E 3 ), the bulk portions (black in Figs. 5(b) and 5(c)) of the Fermi surfaces disappear, leaving only the two Fermi arcs on each surface, as shown in Fig. 5(d) . These Fermi arcs form closed Fermi surfaces whose sizes are insensitive to the magnetic field, and the main result of our paper no longer applies. Instead, the quantum oscillations come purely from surface states and probe the area enclosed by the two Fermi arcs on the same surface.
Appendix B: Material Estimations
In this section, we elaborate on our estimations for the behavior of quantum oscillations explained in the main text for the Dirac semimetals Cd 3 As 2 and Na 3 Bi as well as for the 24-node Weyl semimetal TaAs. We discuss constraints on sample thicknesses for all the materials and the highly nontrivial angular dependence of quantum oscillations in TaAs.
Cd 3 As 2 : We first point out explicitly that the estimations in the main text have assumed that the Fermi arcs in Cd 3 As 2 have no curvature.
To estimate where the "thick" limit sets in due to finite temperature, we set the temperature scale δε/k B from Eq. (9) of the main text to 1 K at B y ∼ 1 T. For Cd 3 As 2 , assuming B z ∼ 15 T, we can go as large as L y ∼ 500 nm. However, the lifetime constraint Eq. (6) of the main text may cause problems; using the same parameters we find
It is unclear what lifetime to compare to; this matters because Ref. 23 found a discrepancy of four orders of magnitude between the bulk transport lifetime (∼ 500 ps) and the bulk quantum lifetime (30-80 fs). Using the transport lifetime we find a weaker constraint L y < 16µm at B y = 1 T, but using the quantum lifetime no oscillations can occur at all, even at moderately larger values of B y . This latter problem comes from the 8 ps contribution in Eq. (B1), which is the time it takes to traverse the Fermi arcs at B y = 1 T. Of course, not only are the surface states twodimensional, but some scattering of the surface states is suppressed (since the other Fermi arc is spatially separated). Hence there is no reason to expect that a bulk lifetime measurement is appropriate for the above estimation. In particular, if we naively use the bulk quantum lifetime in Eq. (B1), the 8 ps constraint (the Fermi arc contribution) precludes quantum oscillations even at B z = 0, but there is evidence that Fermi arc-induced quantum oscillations have been observed at B z = 0 31 . Furthermore, it has been argued 30 that disorder may play a weaker role than expected even in the bulk. As such, our critical thickness estimates cannot be made more precise until we have a more thorough experimental understanding of how the surfaces and bulk each contribute to the loss of coherence. However, given the experimental history, we are optimistic that our proposed quantum oscillations would appear for reasonable thicknesses. Na 3 Bi: The calculations proceed exactly as for Cd 3 As 2 , again assuming no curvature in the Fermi arcs. The Fermi velocity is rather anisotropic; along the Weyl node separation direction z is about 3 × 10 4 m/s, almost two orders of magnitude smaller than that of Cd 3 As 2 , and the in the other directions it is about 4 × 10 5 m/s. The temperature limitation is then, using the same parameters as for Cd 3 As 2 , yields L y 40 nm. The primary reason for the reduction compared to Cd 3 As 2 is the reduced ratio of Fermi velocities v z /v x , which is of order 1 in Cd 3 As 2 but is about a tenth in Na 3 Bi. The lifetime constraint is
We are not aware of any quantum lifetime measurements on Na 3 Bi at present, so we have little to compare to, but expect similar concerns to those in Cd 3 As 2 . TaAs: Our estimations for TaAs have several caveats. First, different ab initio calculations disagree on which Weyl points are connected by Fermi arcs, and ARPES does not currently have sufficient resolution to decide which bands are Fermi arcs and which are trivial surface bands. In addition to quantitative effects, this qualitatively affects how many differently sized Fermi dependences on in-plane field angle. Conveniently, our proposal predicts that the in-plane angle dependence of these emergent Fermi surfaces has the same symmetry as the Fermi arc configuration, so measurements of our proposal could fairly easily distinguish C 4 -symmetric Fermi arc configurations 19 as shown in Fig. 6 (a) from asymmetric ones 18 as shown in Fig. 6(b) . Second, some parallel Fermi arcs are quite close to each other; presumably if the corresponding 2D Fermi surfaces overlap with each other, there can be hybridization (depending on the magnetic length).
We first estimate where the thick-film limit occurs. Under the same estimations as for Cd 3 As 2 , the temperatureenforced thick limit sets in at L y ∼ 100 nm. 
Ref. 26 measured a bulk quantum lifetime of 0.4 ps, but for reasons similar to that of Cd 3 As 2 , more experimental work is needed to determing the appropriate lifetime to use in this constraint. The in-plane angular dependence, as mentioned previously, depends on the arc configuration. Recall that Eq. (4) of the main text tells us that the frequency depends on the component of the field along the splitting of the Weyl points connected by Fermi arcs. In the scheme in Fig. 6(a) , there are two types of Fermi arc up to C 4 rotational symmetry. One type contains no area, and thus leads to one frequency which goes as | cos φ| (blue lines) and one that goes as | sin φ| (orange lines). The other type has Fermi arcs which enclose an area of about 1 kT, so those will lead to two frequencies centered at ∼ 1 kT but offset by the frequency in Eq. (11) of the main text (about 1-5 T ) times | cos φ| (red arcs) and | sin φ| (blue arcs) respectively. In total there are four different frequencies; their angular dependences are plotted in Fig.  6(c) . In the C 4 -asymmetric scheme in Fig. 6(b) , there are a total of six different frequencies. One frequency goes as | sin φ| (orange lines). The other Fermi arcs have curvature and thus have offsets. Three go as | sin φ| and have offsets of order 1 kT; these offsets differ by some factor of order 1 (we took ballpark estimates of 500 T, 800 T, and 1 kT (magenta, blue-green, and black arcs respectively) based on the experimental data in Ref. 18 ). The remaining arcs go as | cos φ| with offsets ∼ 500 T and ∼ 1 kT (blue and red arcs respectively). The angular dependences are plotted in Fig. 6(d) .
